Abstract-The general problem of ray tracing in the electron cyclotron range of frequencies is addressed with the view of applying geometrical optics techniques to microwave heating in ELMO Bumpy Torus (EBT). It is shown that the usual formulation of geometrical optics breaks down at cyclotron resonance due to the large anti-Hermitian part of the dispersion tensor. A consistent eikonal expansion is presented which is valid near cyclotron resonance for cases in which the waves are weakly damped. The geometrical optics code, RAYS, which was developed for the EBT study is described. Ray tracing in planestratified plasma geometries is discussed and examples given of the various types of ray paths which occur in plasmas stratified perpendicular to the magnetic field and stratified along magnetic field lines. The application of ray tracing techniques to EBT is discussed and typical results are presented of rays traced in a bumpy cyclinder magnetic-field confi'guration with plasma parameters characteristic of EBT-I.
I. INTRODUCTION THE METHODS OF geometrical optics are finding applica-
tion in the study of wave heating processes and instabilities for a wide range of fusion research devices. Studies of plasma heating near the electron cyclotron frequency are particularly amenable to ray tracing techniques because of the high frequencies and short free-space wavelengths involved (X . 2 cm) [1] , [2] . Successful electron cyclotron heating (ECH) experiments have been conducted in a number of tokamaks, multipoles, and mirror machines. However, in no devices is ECH more necessary to the operation and ray tracing techniques more necessary to understanding the physics than in ELMO Bumpy Torus (EBT) [3] . In EBT the plasma is produced and all heating is provided by microwaves through the electron cyclotron resonance interaction. In addition, the microwaves play an essential role by producing the high-beta hot electron annuli which provide macroscopic stability for the toroidal plasma component. Therefore, a knowledge of the microwave field distribution and heating profile is crucial to the understanding of EBT physics. However, the geometry and plasma conditions in EBT are such that solving for the microwave fields by full-wave methods is totally impractical.
As a result, we have begun a large-scale computational effort to study the microwave energy flow and energy deposition using geometrical optics. The purpose of this paper is to review the properties of electromagnetic wave propagation near the electron cyclotron frequency, to describe the geometrical optics computer code (RAYS) which we have developed, and to discuss the application of ray tracing methods to ECH problems in EBT. In Section II we discuss some of the difficulties which arise in applying the geometrical optics formalism at the electron cyclotron frequency. Because the anti-Hermitian part of the dispersion tensor becomes large at cyclotron resonance, the usual formulation of geometrical optics breaks down. However, by simultaneously expanding Maxwell's equations and the Vlasov equation in the geometrical optics parameter, we obtain a rigorous theory which is valid near cyclotron resonance in cases where the waves are weakly damped. In Section III we give a brief description of the ray tracing code.
In a plane-stratified plasma, ray tracing is considerably simplified in that only the component of the wave vector k which is in the direction of the gradients can vary. The location of cutoffs, resonances, and mode conversion points, and the behavior of k and the ray trajectory can, therefore, be determined directly from the dispersion relation without actually tracing rays. Ray tracing in plane-stratified geometry serves as a valuable check on the accuracy of the code and also allows many interesting properties of wave propagation in inhomogeneous plasmas to be illustrated in the simplest possible geometry. In Section IV we discuss in detail wave propagation near the cyclotron frequency in plane-stratified plasmas and present computed ray trajectories. We also present results of ray tracing with a finite temperature-dispersion relation showing conversion of extraordinary mode rays to electrostatic warm plasma modes.
In Section V we describe the EBT device and discuss the ray tracing approach being used to calculate the microwave propagation and energy deposition characteristics. Typical results are presented of ray calculations in a bumpy cylinder plasma configuration having parameters appropriate for EBT-I. Results such as these in the complicated geometry of EBT cannot be obtained without the use of ray tracing techniques.
II. THE RAY TRACING EQUATIONS
The theory of geometrical optics [4] - [6] [5] for a derivation relevant to plasmas.
For application to problems of plasma heating, propagation of waves to and through cyclotron resonances is a matter of no small importance. Despite the fact that waves can be weakly damped and k can be slowly varying near a cyclotron resonance (e.g., ordinary mode or extraordinary mode propagating nearly perpendicular to the magnetic field), the standard formulations of geometrical optics break down near cyclotron resonances. Since the physical conditions for the validity of the geometrical optics actually are met in many cases, it should be possible to formulate a geometrical optics-like approximation which is valid uniformly near and far from cyclotron harmonic resonances. We have, in fact, recently obtained an eikonal expansion which is valid in finite temperature plasmas near cyclotron resonance [7] . The ray trajectories are found to coincide with those given by cold plasma theory, but Poynting's theorem is somewhat modified from the standard result.
In order to see how the standard theory breaks down, we outline the derivation of the ray equations and Poynting's theorem (see reference [5] ). We assume a weakly space-and the time-varying plasma and assume the wave fields to have a rapidly varying phase 4 Equation (7) can be regarded as a partial differential equation for 4i(i, t), D[(aQlax), -(a4,lat), )pe(i), f.e( ')] = 0. Solving (7) for X = co(k, x-, t) and using the conservation law Vco + ak/at = 0 gives the ray equations ax---a _ aDlak = vg = a = -aD/ac ak = = /ai at ak aD/aU) (8) Note that by taking AH to be first order in 6 we have guaranteed that DH is Hermitian, which implies that the dispersion relation equation (7) is real. As a result, the ray trajectories determined by (8) (1) is assumed, and a formal small parameter 6 is in- (11) which is not sharply peaked at t = 0, and the expansion equation (3), therefore, fails. This does not cause difficulty in practice, however, because the dispersion relation D -det [DI is not singular at co = 2e and there is no resonance in k unless k is parallel to B. Solving for the polarization vectors E (6), we find that E., iEy as X -e Q2e for both ordinary mode and extraordinary mode roots of the dispersion relation. That is, the wave becomes left circularly polarized so that the long-term correlations associated with the electron cyclotron motion are not excited. In the cold plasma model we can trace rays without difficulty near and through the cyclotron resonance unless k is exactly parallel to B. Here the formulation is not valid but the method apparently works. [6] , [8] and is discussed in detail with this representation in reference [7] . With the ordering we have chosen we find that all components of a are 0(1) or smaller, except a-, which is 0(1/6). We conclude that if n--0(1), then any solution of the system equation (13) must have E -0(6). This, of course, breaks down if the refractive index becomes sufficiently large that n2 = 0(1/8). Because a large refractive index is usually associated with strong absorption, in which case a geometrical optics expansion is invalid, we restrict consideration to cases in which n2 << 1/8, and then E°is indeed 0(6).
It is clear that the system of equations (13) contains terms which, although determined by the zeroth-order equations, have magnitude kve/co 0(8). These are dropped from the zeroth-order equations and included as inhomogeneous terms in the first-order system. The field components E°and E4 are determined by solving (13a) and (13c) accurate to 0(1), and E°is obtained from (13b) and is 0(6).
The dispersion relation, which is obtained as the solvability condition for the homogeneous system equations (13a) and (1 3c), is of the form D(n, ) = nIn2 -2 (1 -) n2 + n + ±(
This is precisely the cold plasma dispersion relation evaluated at co = Q,. The equations for the ray path follow directly from the dispersion relation as in (8) . We have, therefore, given a rigorous demonstration that in circumstances where waves are weakly damped, a geometrical optics description is possible near cyclotron resonance even though the Hermitian part of the dispersion tensor is large. We also see that the ray paths are given by the cold plasma dispersion relation. However, the energy flux relation, or Poynting's theorem, is somewhat modified from the usual form shown in (9) . In the first place, we have shown in reference [71 that the contribution of the particle thermal motion to the power flux (i.e., Poynting vector S) is higher order in 6. The correct form for the Poynting vector, therefore, is S=Re{4 E°* X BO} = Re {4 E°* X (n X EO)} III. THE RAYS CODE We now describe the structure and operation of the computer code RAYS, which does ray tracing of electromagnetic waves in an arbitrary magnetized plasma configuration [9] . RAYS is being developed as a major part of the theoretical study of microwave heating of the ELMO Bumpy Torus (EBT) device at ORNL. As a result, the applications to date have emphasized magnetic mirror geometries and the graphics capabilities have been tailored for this application. However, other geometries have been used (slab geometry, tandem mirror, and idealizations of tokamak geometry), and we feel that the code could be readily adapted to a wide variety of plasma confi'gurations.
The RAYS code integrates the Hamiltonian form of the geometrical optics equations for position x and wave vector k from initial conditions x-and ko with arc length along the ray s as the independent variable. In addition, the local electric field polarization is evaluated and quantities such as the wave damping rate or the phase path length can be integrated along the ray. The code is written in modular form, with the subroutines specifying the plasma equilibrium magnetic field and density, and subroutines specifying wave dispersion relation being independent. In this way, various models for the plasma geometry and for the wave characteristics can be easily interchanged without disturbing the bulk of the program.
For time-invariant media (a/at = 0), the arc length along the ray s is a convenient parameter and the ray equations (11) In most instances RAYS integrates the ray equations using s as a parameter (17), although occasionally it proves convenient to use t (8)-for example, when all components of the group velocity vanish at a cutoff and the ray path has a nondifferentiable cusp. The group velocity is most conveniently calculated in a local coordinate system with zi taken along the local magnetic field and x taken in the B, k plane (Fig. 1) . The right-hand sides of the ray equations can be obtained by a straightforward but tedious differentiation of the dispersion relation. If the local dispersion relation is written in the form (18) where c?e is the local plasma frequency, then the details of variations of the plasma equilibrium can be separated from the plasma dispersion properties. In particular, we can write aD aD2 V Pe) + V(2e).
= pe(~.p an.e (19) In order to integrate the ray equations, it is necessary to calculate the following quantities related to the spatial variation of the plasma equilibrium: n (O), B(x), Vn (x), and VB(kx). In the RAYS code this information is provided by an independent equilibrium module. It is also necessary to calculate the following quantities related to plasma dispersion: aD/ak, aD/ac, aDIac?e, and aDsa2e. In the RAYS code this information is provided by an independent dispersion module.
The coupled set of ordinary differential equations (17) The dispersion relation may have multiple branches corresponding to different modes of propagation. For example, the cold plasma dispersion relation has ordinary mode and extraordinary mode branches. If ko is properly initialized to be a solution of the local dispersion relation, then k(s) will remain on this branch unless a point is reached where two roots of the local dispersion relation coincide. At such a point the geometrical optics approximation breaks down and coupling can occur between the two modes. In this situation the ray tracing code follows the particular root which maintains continuity of the equations away from the coupling point; thus, one observes either zero or total mode conversion at a coupling point. Examples of mode conversion observed with the RAYS code are shown in Section IV.
Most calculations in the microwave heating study for EBT have used the Appleton-Hartree dispersion relation [61, [10] , a high-frequency limit (w >> Qf) of the cold plasma dispersion relation The right-hand sides of (22) (1 -n2) . The cutoff at a 1 is associated with the ordinary mode. The cutoff at a = (1 -\) (1 -n2) is associated with the extraordinary mode; whereas when n2 < 1, the cutoff at ax = (1 + N'O) (1 - n2) is in the ordinary or extraordinary mode branch according to whether a < 1 or a > 1, respec- tively. An interesting relation can be obtained by setting n2 = 0 in the Appleton-Hartree dispersion relation choosing the minus sign and solving for \/g. We find that at = 1-a, the extraordinary mode is cut off for all angles of propagation. Fig. 2 shows typical extraordinary mode propagation in a perpendicularly stratified plasma having B(x) = Bo
where Bo is chosen so that cyclotron resonance (3 = 1) occurs at x = 0 and L = 1O cm. In cold plasma theory, a wave propagating toward cyclotron resonance from the high field side passes without impediment through cyclotron resonance to the upper hybrid resonance. When the plasma is perpendicularly stratified, cyclotron resonance is entirely a finite temperature effect. The vectors show the direction of k turning parallel to the x direction as the resonance is approached. Rays injected from the low field side are reflected at the righthand cutoff oa = (1 -n) ( Somewhat different behavior is observed if the magnetic field is fixed a < 1 and the density increases with x. For sufficiently large density a > aT = 1 + ,(1 -nl)2/4n', the discriminant A is negative and all solutions are evanescent. A ray propagating in the direction of increasing density reaches the point A = 0 at which (ni)2 and (n-)2 become equal. This represents a different type of ray turning point from the usual cutoff since C 0 and nx2 = n 2 > 0. Fig. 3 shows rays for this situation in a linearly increasing density n,e(x) = no (1 + x/L). The quadratic form of the cold plasma dispersion relation equation (23) was used to trace these rays. The parameters were chosen such that vKo = 2, a(x = 0) = 1, L = 10 cm. The rays were initialized to the (nj ) root, extraordinary mode.
For rays 1 and 2, n' is small enough that the cutoff density oC =f(1 + V)(1 -n2)> 1 is less than the A = 0 density,aT.
These rays reflect at a(x) = a-and continue onto the upper hybrid resonance. However, for ray 3, n, is large, so that cx(x) = cac is less than CT and the cutoff is in the (n+) branch. The ray propagates to aT (point A); continues on the (n') branch toward decreasing x; propagates to a(x) = ac (point B); reflects (nx -+ 0); propagates back to a(x) = &T (point C);
continues on the (n-) branch toward decreasing x; and finally approaches the upper hybrid resonance. Rays injected from the low density side are simply reflected from the right-hand cutoff a = (1 -N ) (1 -n2). The ordinary mode also exhibits interesting and somewhat complicated behavior in perpendicular-stratified plasma. Fig.   4 shows rays initialized to the ordinary mode (nx = nj) in a linearly increasing density profile. The plasma parameters were the same as for Fig. 3 . When n, is large enough that (1 + \/,) (1 - [2] . (34) shows that x = kx = 0 is a saddle point through which a ray trajectory cannot pass. However, by adding a small perturbation to the initial value of nx [nx(x = xo) = n+(x = xo) + 6nx; i.e., nx does not satisfy D(nx) = 0 exactly], one moves to a phase path of (34) which avoids x = kx = 0 by a small amount. Then, depending on the sign of 5nx, the ray either reflects at a = 1 or passes on to a> 1 on the n' branch of the extraordinary mode. Ray 2 of Fig. 4 shows such a ray path, converting to extraordinary mode at a = 1, proceeding to the A = 0 turning point a = aT, and propagating to the upper hybrid resonance on the nj branch.
We turn now to wave propagation in parallel-stratified plasma. The dispersion relation for n' (23) can be solved to The first cutoff I -at -n' = 0 is associated with the ordinary mode, whereas the second (1 -a)2 -= (1 -a -f3)n2 is in the extraordinary mode. Solving for ,B gives the field strength for the extraordinary mode cutoff a = (1 - 
which is less than unity for n2 < 1. at an oblique angle to a plane density gradient, one obtains the "Spitze" for propagation along a magnetic meridian and lateral deviation for propagation at an angle to a magnetic meridian [101.
Recently we have developed a module of subroutines to calculate the derivatives of the full finite temperature dispersion relation. This dispersion relation takes the form
where D is the dispersion tensor for a nonrelativistic isotropic Maxwellian plasma. The plasma dispersion functions Z(Qn) and modified Bessel functions I,(kl p'/2) can be included for an arbitrary number of cyclotron harmonics, ,=(co n&2e)!kl Ve. Details will not be presented because the expressions are extremely complicated and the results are preliminary.
Since only the Hermitian part of the dispersion tensor is retained, this code cannot be used near cyclotron resonance. However, the formulation is valid near plasma hybrid resonances provided that the density is large enough that the hybrid resonance is well separated from cyclotron resonance. We have primarily used the code to investigate the finite temperature effects on the ray path and conversion of the extraordinary electromagnetic mode to warm plasma electrostatic modes near the upper hybrid resonance in perpendicularly stratified plasmas [16] . Fig. 6(a) higher density as a backward electrostatic wave with very large kx. Fig. 6 EBT-I consists of 24 toroidally linked mirror sectors having a 2: 1 mirror ratio and a peak field strength on axis at the mirror throat of 9 kG. The magnetic geometry is illustrated in Fig. 7 , which shows the vacuum field lines (solid) and contours of constant |BI in the equatorial plane for a sector of EBT. Steady-state plasma is formed and heated by an ECH microwave source providing up to 60 kW at a frequency of 18 GHz and a lower off-resonance heating source providing up to 30 kW at 10.6 GHz. The current in the mirror coils is adjusted so as to produce cyclotron resonance zones w = Q2e(X) = eIB(x)I/mec as indicated in Fig. 7 (10.6 GHz) rt; g'.-.
L-Prirmry Resonant Heating (18 GHz)
EBT Mod-B Contours (-), Flux Lines (---), and Heatinq Geometry C/i,,, ), ( ) Fig. 7 . Configuration of magnetic field in EBT. Two microwave frequencies (10.6 GHz and 18 GHz) are fed from the opening on the inside wall of the cavity. The not electron ring is observed to be a narrow belt encircling the local second harmonic resonance (for 18 GHz) in the midplane. The maximum microwave heating takes place at the cyclotron resonance zone (hatched area).
of the task of determining the microwave fields can be gained from Fig. 7 by observing the complicated and unsymmetrical geometry of the cavity and magnetic field lines. To solve for the fields directly as a partial differential boundary value problem is not practical for several reasons. First, the volume of the EBT vacuum vessel is so large (v = 1.3 m3 -105 X3) that discrete cavity modes cannot be expected to play any role and an astronomical number of mesh points would be necessary in the finite differencing scheme. Second, the plasma density is sufficiently high that plasma currents strongly affect wave propagation throughout the machine. Indeed in EBT, plasma resonances and cutoffs dominate the propagation characteristic of the microwave power. This means that in some regions the plasma dielectric constant is singular (at resonances) or complex (in evanescent regions). Third, in regions (primarily near resonances) where finite temperature effects are important, the plasma dielectric properties are not local quantities but exhibit spatial dispersion.
In view of the above difficulties, we have begun a large-scale computational effort to trace the microwave energy flow and calculate heating profiles in EBT using geometrical optics. It should be mentioned that for the current device (EBT-I), the conditions for validity of the geometrical optics approximation (X <L) are only marginally satisfied (X -1.5-3 cm, L -3-10 cm). However, for future devices with higher microwave frequencies and larger plasma dimensions, the geometrical optics approximation should be entirely adequate (EBT-S, X = 1.07 cm; EBT-P, ? = 0.27 cm).
The application of geometrical optics in EBT is not without its own set of difficulties. In EBT wave resonances, cutoffs, mode conversion, and reflections from conducting walls play major roles in the propagation and absorption of microwave energy. Each of these processes is associated with the breakdown of the geometrical optics approximation. In particular, the extraordinary mode energy injected near the mirror midplane is cut off before reaching the cyclotron resonance and the ordinary mode does not significantly heat the core plasma in EBT-I. Some mechanism, therefore, must exist outside the geometrical optics model whereby extraordinary mode energy is transmitted to the high field region. The conversion of ordinary mode to extraordinary mode in the high field region upon reflection by the metal cavity appears to be the principle mechanism by which this occurs.
An outline of the basic approach being taken in making the detailed calculations is as follows.
1) The source field (at the waveguide mouth) is expanded as a superposition of plane waves or rays. 2) The rays are traced through the plasma and allowed to reflect, split (by linear mode conversion), and be absorbed. 3) Rays, or the ray trees generated by mode conversion, are followed until all, or a certain fraction, of their energy is deposited in the plasmas.
4) The energies and microwave fields are coherently summed for a representative collection of rays in each small region of plasma (i.e., histograms are generated for energy deposition and field amplitude).
This approach has only been partially completed at this time.
Up to now we have restricted our investigation to the heating of the toroidal core plasma component. The relativistic corrections necessary to study absorption by the hot electron annulus are currently being incorporated in the code. In order to investigate the wave propagation and absorption properties of EBT, we have performed ray tracing and cyclotron damping calculations for nonplane-stratified plasma geometry more representative of the actual EBT configuration. In particular, we have considered a bumpy cylinder magnetic field, B(i) =B#(r, z) z + Br(r, z)?, given analytically as the field due to a set of coaxial current loops spaced uniformly along the z axis.
The Typical results are shown in Fig. 8 , where extraordinary mode rays were injected into the bumpy cylinder equilibrium at varying angles from two points located in the equatorial plane (y = 0). The plasma parameters were chosen to be representative of EBT-I: co/2ir = 18 GHz, (Lpe/C*)max = 0.4, and VeIC = 0.034. Also shown in Fig. 8 are the magnetic field lines and equatorial cross sections of the first and second harmonic resonant surfaces and the right-hand cutoff. The fraction of power absorbed in passing through resonance is indicated by each ray. A group of rays was injected from the low field region at the mirror midplane (z = 0) and outside the core plasma x = -18 cm. It can be seen that these rays do not penetrate to the cyclotron resonant surface but are reflected at the right-hand cutoff. Absorption at the second harmonic resonance, which is accessible, is negligible (<2 percent for the most heavily damped ray).
It is of interest to examine the fate of an extraordinary mode ray originating near the mirror throat, which, for example, might arise from depolarization of an ordinary mode ray on reflection. Fig. 8 Fig. 8 , the rays are found to be virtually straight, with only slight curvature due to density gradients. For the EBT-I parameters used, only rays within a narrow cone have more than 1 percent of the wave energy absorbed in passing through the fundamental cyclotron resonance. Absorption of the ordinary mode at the second harmonic resonance is negligible (f < IO-).
VI. SUMMARY
There are difficulties in applying the usual formulation of geometrical optics to frequencies near w = Qe because of the large anti-Hermitian part of the dispersion tensor. However, we have shown that in the many cases where cyclotron absorption is weak, a consistent eikonal expansion with real rays and real k is possible. In these cases the ray trajectories coincide with those given by cold plasma theory, but care must be taken if Poynting's theorem is used to calculate wave damping. The ray tracing code used in our ECH studies was described. Considerable flexibility is obtained if the ray equations are integrated in Cartesian coordinates and the wave dispersion properties and plasma equilibrium geometry are specified in independent modules. We discussed the various types of ray trajectories which appear in plane-stratified plasmas in the electron cyclotron range of frequencies. Considerable complication can occur even in this simple geometry. It was shown that the behavior of the ray near resonance and, in particular, the degree of absorption depends critically on the direction of gradients in the equilibrium plasma parameters. We described how geometrical optics techniques are being applied to the study of ECH problems in EBT. We 
